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We study the observability of the Higgs mode in BEC-BCS crossover. The observability of Higgs
mode is investigated by calculating the spectral weight functions of the amplitude fluctuation below
the critical transition temperature. At zero temperature, we find that there are two sharp peaks
on the spectral function of the amplitude fluctuation attributed to Goldstone and Higgs modes
respectively. As the system goes from BCS to BEC side, there is strong enhancement of spectral
weight transfer from the Higgs to Goldstone mode. However, even at the unitary regime where the
Lorentz invariance is lost, the sharp feature of Higgs mode still exists. We specifically calculate the
finite temperature spectral function of amplitude fluctuation at the unitary regime and show that
the Higgs mode is observable at the temperature that present experiments can reach.
I. INTRODUCTION
A general description of many-body theory shows that
after a spontaneous symmetry breaking two kinds of col-
lective modes emerge [1]. One is known as the Goldstone
mode originated from the phase fluctuation of order pa-
rameters. The other one is referred as “Higgs mode”,
which is from the amplitude fluctuation of the order pa-
rameter. With the triumph of the observation of Higgs
particle in high energy physics [2, 3], the interests of
Higgs collective modes in many-body systems are grow-
ing. The earliest observation is in the Raman scatter-
ing experiment of a superconducting charge density wave
compound NbSe2 in 1980s’ [4–6]. Recently, with the de-
velopment of experimental techniques more evidences of
the Higgs mode in many-body systems have appeared.
For example, Higgs mode has been observed in antiferro-
magnet TlCuCl3 by the neutron scattering [7], and the
terahertz pump probe spectroscopy also revealed signal
of Higgs mode in superconducting NbN sample in a nona-
diabatic excitation regime [8, 9]. In cold atom system,
Higgs mode has been observed in bosonic atoms in optical
lattices when fine tuning the parameters to the Lorentz
invariance point [10]. Various theoretical researches have
also been conducted [11–20].
Usually, the existence of Higgs mode requires the
Lorentz invariance. In ref. [19] one of us has manifestly
discussed how the Higgs mode evolved as the system is
tuned away from the Lorentz invariance point. Basically,
as the Lorentz invariance is gradually lost, the spectral
weight transfer from the Higgs mode to the Goldstone
mode is enhanced; meanwhile, the Higgs mode becomes
more strongly coupled to the quasi-particle excitations
and other collective modes and finally gets overdamped.
Hence, close to the unitary regime, the Higgs mode is
non-observable. However, in ref. [19] the whole deriva-
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tion is based on the time-dependent Ginzburg-Landau
theory. The validity is constrained in the vicinity of
the transition temperature, where the damping effect is
strong compared with the case of lower temperature. It is
interesting to investigate the observability of Higgs mode
using a mean-field theory in the case deep below the crit-
ical temperature.
In this work we study the Fermion superfluid of dilute
Fermi gas with tunable interaction. In our theoretical
framework the superfluid order parameter is represented
as mean-field plus the phase and amplitude fluctuations.
The spectral weight functions of the phase and ampli-
tude fluctuations can be calculated using the functional
integral method. First, we discuss the spectral weight
transfer of the Higgs mode and Goldstone mode at zero
temperature and show that the signal of Higgs mode is
still clear in the unitary regime even though the Lorentz
invariance is lost here. Second, we investigate the ob-
servability of the Higgs mode as the function of tempera-
ture in the unitary regime since the superfluid transition
temperature in this region is reachable in the present ex-
periments.
The paper is organized as follows. In Sec.II, we de-
scribe the theory that is employed to investigate the prob-
lem. In Sec.III, we calculate the spectral functions of the
amplitude and phase fluctuations and discuss the spec-
tral weight transfer of the Higgs and Goldstone modes.
In Sec.IV, we calculate the spectral function of the ampli-
tude fluctuation at finite temperature and demonstrate
the observability of Higgs mode in the unitary regime.
Finally, we give a brief conclusion in Sec.V.
II. PATH INTEGRAL DESCRIPTION OF THE
BEC-BCS CROSSOVER
The partition function that describes a system
of two species fermions can be written as Z =
2∫
D[ψ¯σ, ψσ]e
−S[ψ¯σ,ψσ], with the action
S[ψ¯σ, ψσ] =
∫
dτd3x
{
ψ¯σ(∂τ−∇
2
2m
−µ)ψσ−gψ¯↑ψ¯↓ψ↓ψ↑
}
,
(1)
where ψσ are the fermionic fields with spin index σ =↑
, ↓. The parameter g is the contact interaction between
fermions of opposite spins. It is related to the s-wave
scattering length as by 1/g = −m/4πas +
∑
k 1/2ǫk
with ǫk = k
2/2m. Introducing an auxiliary field ∆(τ,x),
which represents the cooper pair field, the four fermion
interaction term can be decoupled in the Cooper channel
using the Hubbard-Stratonovich transformation. After
integrating out the fermionic fields ψσ one obtains an
effective theory of Cooper pair field ∆ as
Z =
∫
D(∆¯,∆) exp
[
− 1
g
∫
dτdx|∆|2+ln det Gˆ−1
]
, (2)
where
Gˆ−1 =
(
−∂τ + ∇22m + µ ∆
∆¯ −∂τ − ∇22m − µ
)
(3)
is the Gor’kov Green function.
To investigate the collective modes in the superfluid
state we write the field ∆(τ,x) as [21, 22]
∆(τ,x) = ∆0 + δφ(τ,x), (4)
where ∆0 is the mean-field and δφ(τ,x) represents the
fluctuations. we next expand the action up to the second
order of fluctuations. In the momentum space the action
can be cast as
S[δφ∗, δφ] =
1
2
∑
iωn
∫
d3k
(2π)3
Φ(iωn,k)M(iωn,k)Φ(iωn,k), (5)
where we rearrange the fluctuation in a form of spinor
as Φ(iωn,k) = [δΦ
∗(iωn,k), δΦ(−iωn,−k)] and iωn =
i2nπ/β is the bosonic Matsubara frequency. The inverse
propagator M is given by
M11(iωn,k) = M22(−iωn,−k) = − m
4πas
+∫
d3q
(2π)3
{
[1− f − f ′]
( u2u′2
iωn − E − E′ −
v2v′2
iωn + E + E′
)
+[f − f ′]
( v2u′2
iωn + E − E′ −
u2v′2
iωn − E + E′
)
+
1
2ǫk
}
,
M12(iωn,k) = M21(iωn,k) =∫
d3q
(2π)3
{
[1− f − f ′]
( uvu′v′
iωn + E + E′
− uvu
′v′
iωn − E − E′
)
+[f − f ′]
( uvu′v′
iωn + E − E′ −
uvu′v′
iωn − E + E′
)}
. (6)
In above expressions we use the conventional notation
u = uq, v = vq, E = Eq and u
′ = uq+k, v
′ = vq+k,
E′ = Eq+k, where Eq =
√
ξ2q +∆
2
0, v
2
q = 1 − u2q =
(1− ξq/Eq)/2 and ξq = ǫq−µ. f = 1/[exp(βE)+1] and
f ′ = 1/[exp(βE′) + 1] are the Fermi distribution.
III. THE SPECTRAL WEIGHT FUNCTION OF
HIGGS MODE AT TEMPERATURE T = 0
To investigate the observability of Higgs mode it is use-
ful to sperate the fluctuation δφ into real and imaginary
parts δφ(τ,x) = (δa(τ,x) + iδp(τ,x))/
√
2. Then δa and
δp describe the amplitude and phase fluctuations, respec-
tively. After a rotation the effective action can be written
in a form of
S[δa, δp] =
1
2
∑
iωn
∫
d3k
(2π)3
[δ∗a, δ
∗
p]Q(iωn,k)
[
δa
δp
]
, (7)
where the inverse propagator Q(iωn,k) is expressed in
terms of Mij(iωn,k) as
Q =
[
ME11 +M12 iM
O
11
−iMO11 ME11 −M12
]
. (8)
Here we redefine ME11 = M11 +M22 and M
O
11 = M11 −
M22. The index “E” and “O” denote even and odd in
iωn.
In this section we study the spectral weight transfer
at zero temperature. At T = 0 limit the Fermi distri-
bution function f and f ′ in Eq. (6) vanish. To study
the dispersion relation and the spectral weight proper-
ties of the collective modes one usually take the analytic
continuation iωn → ω + i0+ of the inverse propagator
Q(ω + i0+,k) and then expand it in terms of small mo-
mentum k and energy ω [21] up to the second order.
However, in our calculation based on mean-field thoery
the expansion in small ω is not legitimate. While we
expand Q(ω + i0+,k) in terms of small ω we actually
treat ω/min{Ek} as a small parameter, where min{Ek}
is the minimum value of Ek. The Higgs mode gap is of
order ∆0. Hence, we are interested in the energy scale of
ω ∼ ∆0. In this case ω/min{Ek} might not be a small
parameter. For example, at the BCS limit min{Ek} is of
order ∆0 around the Fermi surface, then ω/min{Ek} ∼ 1.
In our work we will directly calculate the spectral weight
function from the inverse propagatorQ(ω+ i0+,k) with-
out small ω and k expansion. After taking the analytic
continuation iωn → ω + i0+ the matrix elements of the
Q(ω,k) can be explicitly written as
Q11(ω,k) = − m
4πas
+
∫
d3k
(2π)3
{E + E′
2EE′
· EE
′ + ξξ′ −∆20
(ω + i0+)2 − (E + E′)2 +
1
2ǫk
}
,
Q22(ω,k) = − m
4πas
+
∫
d3k
(2π)3
{E + E′
2EE′
· EE
′ + ξξ′ +∆20
(ω + i0+)2 − (E + E′)2 +
1
2ǫk
}
,
Q12(ω,k) = Q21(−ω,−k) =
i
∫
d3k
(2π)3
Eξ′ + E′ξ
4EE′
· ω
(ω + i0+)2 − (E + E′)2 . (9)
First, we will study the collective modes at BCS limit.
At zero temperature the off-diagonal term in Eq. (8)
3can be calculated as Q12 = iM
O
11 = i
∫
d3k
(2pi)3
Eξ′+E′ξ
4EE′ ·
ω
ω2−(E+E′)2 . At BCS limit the integrand in Q12 is ap-
proximately an odd function of k with respect to the
axis ǫk = µ. Then when one takes the integration of it
the positive and negative part will cancel out each other.
That is, the off-diagonal term Q12 vanishes. This mani-
fests the particle-hole symmetry at BCS limit. The spec-
trum of the collective modes can be calculated from the
equation det[Q(ω,k)] = 0. As a result, Q11 and Q22
decouple. It’s straight forward to see that we have two
modes defined by ReQ11 = 0 and ReQ22 = 0. If we take
the limit q = 0 and ω = 2∆0, the equation ReQ11 = 0
reduces to the gap equation
− m
4πas
=
∫
d3k
(2π)3
{ 1
2E
− 1
2ǫk
}
. (10)
Using the gap equation we can eliminate the term
m/4πas in ReQ11 = 0 and finally obtain an equation as∫
d3k
(2pi)3
{
E+E′
2EE′ ·
EE′+ξξ′−∆2
0
ω2−(E+E′)2 +
1
2E
}
. In the limit of small
q, this equation can be rearranged as
(ω2 − 1
3
v2F q
2 − 4∆20)
∫
d3k
(2π)3
1
2E(ω2 − 4E2) , (11)
where vF is the Fermi velocity. This equation explicitly
shows that there is a collective mode with dispersion re-
lation as ω2 = 13v
2
F q
2+4∆20. This is the Higgs mode. The
gap is 2∆0. Analogously, we can obtain the dispersion
relation of the gapless Goldstone mode as ω2 = 13v
2
F q
2
from equation ReQ22 = 0.
However, as one approaches the unitary regime the
particle-hole symmetry is gradually lost. The off-
diagonal term Q12 is not negligible anymore. The am-
plitude fluctuation δa and δp will couple together. To in-
vestigate the behavior of the eigenmodes we evaluate the
spectral weight function of δa and δp, which can be calcu-
lated from the imaginary part of the propagator< δ∗aδa >
and < δ∗pδp > after the analytical continuation.
Aaa(ω,k) =
− 1
π
Im
Q22(ω,k)
Q11(ω,k)Q22(ω,k)−Q12(ω,k)Q21(ω,k) ,
App(ω,k) =
− 1
π
Im
Q11(ω,k)
Q11(ω,k)Q22(ω,k)−Q12(ω,k)Q21(ω,k) .
(12)
In Fig. 1 we demonstrate the spectral weight functions
Aaa(ω,k) and App(ω,k) for amplitude and phase fluctu-
ations respectively at zero temperature. For simplicity
we take the case of zero momentum. The four graphs
are for different scattering lengths from the BCS to BEC
side. We observe two features: (i) The spectral function
of the phase fluctuation App(ω, 0) only show one sharp
peak at ω = 0, which is the gapless Goldstone mode.
At higher frequency ω > 2∆0 there is the two particle
continuum. As we have discussed the phase and am-
plitude fluctuations strongly couple together in unitary
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FIG. 1. (Color online) The spectral weight functions
Aaa(ω, 0) and App(ω, 0) of amplitude and phase fluctuations
at zero temperature. Graph (a), (b), (c) and (d) are for dif-
ferent scattering lengths 1/askF = -2, -1, 0, and 1.
regime and BEC side. Then the phase fluctuation field is
a superposition of two eigen-modes: the Goldstone and
Higgs mode. However, the Higgs mode doestn’t mani-
fest itself in App(ω, 0). This means the probe couple to
the phase fluctuation won’t reveal any feature of Higgs
mode in BEC-BCS crossover. (ii) The spectral function
of the amplitude fluctuation Aaa(ω, 0) shows two peaks
at the BCS limit and the unitary regime. One is the gap-
less Goldstone mode. The other one is the Higgs mode,
which has a gap of 2∆0 as calculated in Eq. (11). As one
approaches the unitary regime from the BCS side the
spectral weight transfer from Higgs to Goldstone mode
is enhanced because the Lorentz invariance is lost as we
discussed in Ref. [19]. At the BEC limit the spectral
weight of Higgs mode is further dimishied and finally
overdamped by the two-particle continuum. However,
around the unitary regime the spectral function App(ω, 0)
still possess a feature of gaped Higgs mode even though
the Lorentz invariance is lost here.
IV. THE SPECTRAL WEIGHT FUNCTION AT
FINITE TEMPERATURE
In Fig. 1 we show that at zero temperature the spec-
tral function Aaa(ω, 0) shows a clear peak of Higgs mode
at the unitary regime. In this section we want to inves-
tigate if the sharp peak feature of the Higgs mode still
exists at higher temperature around the unitary regime
since in the present experiments the superfluid transition
temperature can be reached in this region.
4ω/∆(T)0 1 2 3 4
A a
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,
0)
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FIG. 2. (Color online) The spectral weight function Aaa(ω, 0)
at finite temperature. The scattering length is fixed at
1/askF = −1. As the temperature increases the peak of Higgs
mode gets broadened. The superfluid transition temperature
Tc at 1/askF = −1 is 0.125TF
Assuming that the mean value of the Cooper pair field
is ∆(T ) at finite temperature the effective action can be
derived from Eq. (2) as Seff = βV
∆(T )2
g
− ln det Gˆ−1.
Using the saddle point condition ∂Seff/∂∆(T ) = 0, we
obtain the gap equation as
− m
4πas
=
∫
d3k
(2π)3
{1− 2f
2E
− 1
2ǫk
}
. (13)
To solve above equation for ∆(T ) we need to determine
the chemical potential µ(T ). The total number of the
particles is N = −kBT∂Seff/∂µ(T ). Then it’s straight
forward to calculate the number equation as
n =
∫
d3k
(2π)3
{
1− ξ
E
(1 − 2f)
}
. (14)
Using Eq. (13) and Eq. (14) the finite temperature gap
∆(T ) and chemical potential µ(T ) can be solved self-
consistently. At finite temperature the spectral functions
Aaa(ω,k) and App(ω,k) can still be calculated by Eq.
(12) except that we use the finite temperature matrix el-
ements Qij(ω,k) and Mij(ω,k) in Eq. (6) and Eq. (8).
The finite temperature spectral function of the ampli-
tude fluctuation Aaa(ω,k) at 1/askF = −1 is illustrated
in Fig. 2. We investigate the case of 1/askF = −1 for two
reasons. First, the superfluid transition temperature is
reachable here in the realistic experiments. Second, our
calculation of the critical temperature and ∆(T ) is based
on the mean-field theory. It’s not accurate close to the
unitarity and on the BEC side. However, at 1/askF = −1
the values are close to the Nozie`res Schmitt-Rink calcu-
lation [23]. So it is an appropriate point to study the fi-
nite temperature spectral functions. We observe that as
the temperature is increased the peak of Higgs mode is
broadened due to the decay of the collective mode to the
quasi-particles. At temperature very close to Tc, for in-
stance T/Tc = 0.96, the Higgs peak can get overdamped.
However, for a wide range of temperature from T = 0
to T/Tc = 0.9 the Higgs mode still presents with a nice
feature of sharp peak. This temperature range is reach-
able in the realistic experiment of dilute Fermi gas. For
example, in MIT’s experiment [24] the temperature can
be reduced to T/TF ≃ 0.05 after the evaporative cooling.
The superfluid transition temperature at 1/askF = −1
is calculated as Tc = 0.125TF in our mean-field theory.
This result demonstrates an opportunity of the obser-
vation of Higgs mode in the fermionic superfluid with
tunable interaction.
V. CONCLUSIONS
In summary, we have investigated the observability of
the Higgs mode in BCE-BCS crossover. The superfluid
order parameter is treated as a spatially uniform mean-
field plus phase and amplitude fluctuations. We study
the observability of the Higgs mode by calculating the
spectral weight function of the fluctuations. We empha-
size that the usual analysis of small frequency expansion
[19, 21] is not legitimate anymore in our mean-field study.
In this work we directly calculate the spectral functions
with the complete integral form of the matrix elements
in Eq. (6). The zero temperature study shows that
the Higgs mode is totally overdamped by the two parti-
cle continuum in the phase fluctuation spectral function
App(ω,k) for the whole BEC-BCS crossover. However,
the signal of Higgs mode is clear in the amplitude fluc-
tuation spectral function App(ω,k) even at the unitary
regime. At finite temperature, we show that in the tem-
perature region that present experiments can reach the
Higgs mode has a nice feature of sharp peak around the
unitary region. This suggests a potential observation of
Higgs mode in the system of dilute Fermi gases with tun-
able interactions.
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